Numerical methods are developed for pricing European and American options under Kou's jump-diffusion model which assumes the price of the underlying asset to behave like a geometrical Brownian motion with a drift and jumps whose size is log-double-exponentially distributed. The price of a European option is given by a partial integro-differential equation (PIDE) while American options lead to a linear complementarity problem (LCP) with the same operator. Spatial differential operators are discretized using finite differences on nonuniform grids and time stepping is performed using the implicit Rannacher scheme. For the evaluation of the integral term easy to implement recursion formulas are derived which have optimal computational cost. When pricing European options the resulting dense linear systems are solved using a stationary iteration. For American options two ways to solve the LCPs are described: an operator slitting method and a penalty method. Numerical experiments confirm that the developed methods are very efficient as fairly accurate option prices can be computed in a few milliseconds on a PC.
Introduction
The amount of financial option trading has grown to enormous scale since the pioneering work by Black and Scholes [7] and Merton [33] on the pricing of options in 1973. During the last two decades it has become evident that their assumption that the price of underlying asset behaves like a geometric Brownian motion with a drift and a constant volatility cannot explain the market prices of options with various strike prices and maturities. Already 1976 Merton proposed to add jumps which have normally distributed size to the behavior of asset prices [34] . During the last ten years the research on models with jumps have become very active. A large number of such models have been proposed; see [12] and references therein. The model proposed by Kou in [27] assumes the distribution of jump sizes to be a log-doubleexponential function; see also [28] . In a more rich CGMY model [9] the asset price is a Lévy process with possibly infinite jump activity. Another generalization is to assume the volatility to be stochastic like in [20] , for example. A popular approach is to use a deterministic volatility model where the volatility is a function of time and the price of the underlying asset [17] . This approach was combined with Merton's jump-diffusion model in [4] . The most generic models assume stochastic volatility with jumps in the asset price and possibly also in volatility like the ones in [6] , [16] .
The most basic options are call and put options which give the right to buy and sell, respectively, the underlying asset with a strike price. These options can be European or American which means that they can be exercised only at the expiry date or anytime before it, respectively. Under many models it is possible to derive formulas for the price of European options, but American options have to be priced usually numerically. There is a large number of methods to price options. In this paper we consider approach which solves numerically a partial integro-differential equation (PIDE) or inequality derived for the price of the option. The European options lead to equations while American options lead inequalities which have a form of a linear complementarity problem (LCP). In option pricing context, most common way to discretized the differential operators have been finite difference methods; see [1] and [37] , for example. The treatment of the integral term associated to jumps in models is more challenging. Their discretization leads to full matrices. The multiplication of a vector by such a n×n matrix requires O(n 2 ) operations when implemented in a straightforward manner. With an implicit time discretization it is necessary to solve a problem with a full matrix which is computationally more expensive than a multiplication.
Here we review earlier works on pricing options under jump models using finite difference/element methods. Zhang in [39] priced American options with Merton's model. The integral term was treated explicitly in time while the differential terms were treated implicitly. This lead to a first-order accurate method in time and a stability restriction for the size of time step. Tavella and Randall in [37] considered pricing European options. They used an implicit time discretization which leads to the solution of problems with a full matrix. They proposed a stationary iterative method to solve these dense problems which converges fairly rapidly. Each iteration requires a solution with a tridiagonal matrix and a multiplication of a vector by a full matrix. Andersen and Andreasen in [4] proposed for European options an ADI-type operator splitting method with two fractional steps. In the first step the spatial differential operator is treated implicitly and the integral operator is treated explicitly and in the second step their roles are exchanged. This method is secondorder accurate in time and unconditionally stable. Furthermore, they used a wellknown fast technique for evaluating convolution integrals. It is uses the fast Fourier transform (FFT) and it requires O(n log n) operations. Thus, their approach lead to an essential reduction of computational cost.
In [14] d'Halluin, Forsyth, and Labahn price American options using a penalty method. For the resulting nonlinear nonsmooth problems they propose an approximate semismooth Newton method. They use the Crank-Nicolson method with adaptive time steps and FFT for evaluating the integral term. d'Halluin, Forsyth, and Vetzal in [15] , develop a method for European options under Merton's and Kou's model. They use nonuniform spatial grids and in order to use FFT for evaluating the integral term on a uniform grid they perform interpolations back and forth nonuniform and uniform grids. The resulting dense linear systems are solved using the iterative method proposed in [37] . In [2] Almendral and Oosterlee price European options under Merton's and Kou's models. They use uniform grids and the BDF2 method for time discretization. The integrations are performed using FFT and the iterative method in [37] is employed for linear systems.
Cont and Voltchkova study pricing of European options under Merton's model and infinite jump intensity models in [13] . In the finite jump intensity case the time discretization is implicit for the spatial differential operator and explicit for the integral operator. This leads to a first-order accurate method in time with a stability restriction on the size of time steps. Briani, La Chioma, and Natalini propose a fully explicit time stepping for European options in [8] which leads to a more severe stability restriction. In [32] Matache, von Petersdorff, and Schwab price European options under models with finite and infinite jump intensity. They perform wavelet compression for the resulting full matrix and then the multiplication of a vector requires O(n log n) operations. The time discretization is performed using the θ-scheme and the resulting linear problems are solved iteratively using the GM-RES method. Matache, Schwab, and Wihler use a discontinuous Galerkin time discretization for pricing European options in [31] . Matache, Nitsche, and Schwab develop a method for American options which uses the implicit Euler time discretization and a fixed point iteration for the resulting LCPs in [30] . Recently Almendral and Oosterlee in [3] and Wang, Wan, and Forsyth in [38] consider pricing options under the CGMY process. In [3] the integral part is transform to a Volterra equation while in [38] the integral with a singular integrand is decomposed and resulting parts are treated separately. Both approaches lead to multiplication by full matrices which is performed using FFT.
In this paper, we price options under Kou's jump-diffusion model and the volatility can be given by a deterministic volatility model like in [4] . The spatial derivatives are discretized using central finite differences with possibly some locally added volatility in order to obtain an M-matrix. The time discretization is performed using the Rannacher time-stepping scheme [36] . The time-space grids are nonuniform with refinement near the strike price and expiry. The main contribution of this paper is the treatment of the integral term. It is based on the observation that due to the log-double-exponential form of the kernel in Kou's model it is possible to derive recursion formulas for evaluating the integrals. There are several benefits from this: The computational cost is reduced to O(n) operations per time step. The resulting formulas are easy to implement and there is no difficulty to use nonuniform grids. With the FFT based approach and Kou's model it is difficult to maintain second-order convergence in space with a nonuniform grid [15] while there is no difficulty in this with the proposed approach. For American options we consider two alternative ways to treat the resulting LCPs. The first one is the operator splitting method introduced in [22] , [23] and the second approach is the penalty method by d'Halluin, Forsyth, and Vetzal in [14] . Our numerical experiments demonstrate that the proposed approach is very fast as option prices with sufficient accuracy for most purposes can be obtained in a few milliseconds on a PC.
The outline of this paper is the following. Section 2 introduces Kou's model and option pricing problems for European and American put options. Section 3 describes the discretization of the partial integro-differential equation and the corresponding inequality using finite differences. Results are given on the accuracy of approximations. The recursion formulas are described for the integral term. Section 4 describes the stationary iteration for solving the dense linear systems resulting from pricing European options. Furthermore, an operators splitting method and a penalty method are considered for LCPs giving the price of American options. Section 5 presents numerical experiments with European and American options under a constant volatility and a deterministic volatility function. The paper ends with conclusions in Section 6.
Kou's model and option pricing problems
Kou's jump-diffusion model [27] for the value of the underlying asset x is given by
where W (t) is a standard Brownian motion and N (t) is a Poisson process with rate λ. The set {V j } is a sequence of independent identically distributed random variables from a distribution with the log-double-exponential density
where p, q, α 1 > 1, and α 2 are positive constants such that p + q = 1. Following Andersen and Andreasen in [4] , we allow the volatility σ in (1) to be a function of t and x(t−). This volatility function makes it possible to calibrate the model to correspond the prevailing market prices. The owner of a European put option has the right to sell the underlying asset for the strike price K regardless of the value of it at the expiry time T while the owner of an American put option can sell the asset for K anytime up to the expiry. The corresponding call options give the right to buy the underlying asset with the strike price. In the rest of the paper, we consider the pricing of put options while call options can be priced in the same manner.
When the value of the underlying asset follows Kou's model the value of a European option v satisfies a final value problem defined by a partial integro-differential equation (PIDE)
for all (t, x) ∈ [0, T ) × R + ; see [12] , for example. In (3), r is the risk free interest rate and the coefficient ζ is given by ζ =
where g(x) is the payoff function of the European option contract. For a put option, it is
where K is the strike price. The behavior of the value of the European put option on the boundaries is given by
and lim
The value of an American put option v satisfies a linear complementarity problem (LCP)
with the same final value as in (4); see [12] , for example. The behavior of the value of the American put option on the boundaries is given by
3 Discretization
Truncation and time-space grid
For a finite difference discretization, we truncate the infinite domain R + for x to be [0, X] with a sufficiently large X. The truncation error with respect to X has been shown to decrease exponentially pointwise in [13] and exponentially in L 2 -norm in [31] . For put options, we set the value of v at X to be zero. We perform the discretization using a nonuniform grid. In option pricing, a more common approach has been to perform coordinate transforms and then use a uniform grid which approach effectively concentrates grid points in the original coordinates; see [11] , [37] , for example. For the computational domain
In the following we propose one possible choice for grids. We remark that the numerical methods developed in the following sections are derived for generic nonuniform grids, that is, they do not assume this specific choice. The solution of the PIDE (3) changes more rapidly close to the expiry T and, hence, it is beneficial to take smaller time steps near the expiry. This is accomplished by choosing the approximation times t k according to
and
where α is a constant greater than one. By increasing α the time steps near the expiry become smaller. The reason to make the last four time steps especially small is due to the use of the Rannacher time-stepping explained in Section 3.4. The space grid is defined by a grid function h as
It is beneficial to have a finer space grid near the strike price K. Such a grid is obtained by choosing h to be
where the constant β is solved numerically from the equation h(1) = X. The constant γ controls the amount of refinement near the strike price K. By choosing γ = i/n the grid point x i will be exactly at K.
In the following we describe a central finite difference discretization of the spatial derivatives and a quadrature rule for the integral term. We show that these lead to an M-matrix and we propose recursion formulas for performing the numerical integrations. Then we describe the Rannacher time-stepping for the time discretization.
Finite difference discretization of spatial derivatives
Here we describe the discretization of the spatial derivative terms together with the zeroth-order term. This leads to a tridiagonal matrix which we denote by D. We remark that due to the time dependent volatility σ(t, x) the matrix D is also time dependent. We approximate the spatial derivative terms in (3) with central finite differences. We add artificial volatility, that is, artificial diffusion at some grid points if otherwise the discretization would lead D to have positive off-diagonal elements and, thus, to be a non M-matrix.
The central finite difference scheme for the derivative terms in (3) gives offdiagonal elements
where (14) and (15) is defined by
In the case of a uniform grid, it is easy to show that including artificial volatility is equivalent with the use of a combination of the central finite difference and an one-sided finite difference for the first-order spatial derivative.
The diagonal element of D includes the sum of the off-diagonal elements with a minus sign. Furthermore, r + λ is added to it due to the zeroth-order term in (3). Thus, the ith diagonal element is given by
The following result states that the finite difference discretization is second-order accurate under suitable assumptions. Due to a nonuniform grid, we require the grid function h to be sufficiently smooth; see [29] , for example. The function h defined by (13) satisfies this requirement. The following results assume that no artificial diffusion is added. If it is necessary to add some diffusion then often the order of accuracy is reduced.
Theorem 1 For a given t ∈ [0, T ) let v(t, x) be three times continuously differentiable with respect to x in [0, X] and let v xxxx (t, x) be bounded for x ∈ (0, X). Furthermore, let the grid function h be continuously differentiable in [0, 1] and let h xx be bounded in (0, 1). If σ i (t) = σ(t, x i ) then the truncation error of the finite difference approximation at (t,
Proof. Taylor's theorem gives us the expressions
In the following, we assume thatσ i (t) = σ(t, x i ). For the finite difference discretization we obtain using the above expressions a truncation error
.
, it is sufficient to study only the magnitude of the term ∆x i − ∆x i−1 . We have
Taylor's theorem applied to h((i − 1)/n) and h((i − 1)/n) yields together with easy manipulations that ∆x i − ∆x i−1 = O((1/n) 2 ). Substituting this to the above truncation error completes the proof.
The following result states that the matrix D has desirable properties.
Theorem 2 For a positive interest rate r > 0 the matrix D − λI is a strictly diagonally dominant M-matrix, that is,
Proof. First we show that the off-diagonal D i,i−1 in (14) is non positive. According to the definition and (16), we have
, −(r − λζ)
Similarly the off-diagonal D i,i+1 in (15) can be shown to be non positive. From the definition of D i,i in (17) it is easy to see that the matrix D − λI has positive diagonal. Furthermore, it is strictly diagonal dominant, since
This completes the proof.
Recursion formulas for approximating integrals
The discretization of the integral term
in (3) leads to a full matrix which approximation we denote by J . In the following solution procedures, we need to multiply vectors by J which corresponds to the evaluation of the integral term at each grid point. We do not form the matrix, but rather device a fast way to evaluate the integral term approximately.
By making the change of variable y = z/x, we obtain
We decompose the integral as I = I − + I + , where
In the following, we consider the approximation of the integrals of the type I − while the other ones can the treated in the same way. At each grid point x i , i = 1, . . . , n − 1, we need to approximate
where
With second-order accurate finite differences it is typical to use the linear interpolation for v between grid points. This interpolation of v(t, x) leads to the approximation
By performing the integration we obtain
for j = 1, . . . , i − 1 and
The computation of all A − i s, i = 1, . . . , n − 1, using (22), (24) , and (25) requires O(n 2 ) operations. This high computational cost would slow down solution procedures essentially on finer grids. One possibility to speed up the computations is to transform the integral in (19) [2] , and d'Halluin, Forsyth, and Vetzal in [15] , for example. A nonuniform grid and the usual discontinuity of the convolution kernel makes it difficult to maintain second-order accuracy with this approach. Furthermore, this approach is not easy to implement.
Fortunately with a log-double-exponential f it is possible to derive a fast and easy to implement recursion formula for computing the approximations A − i and also the corresponding approximations for I + . In a different context, a similar formula has been employed in [5] , for example. The observation that
for j = 0, . . . , i − 1 together with (22) lead to the recursion formula
Thus, this reduces the computational cost to be O(n) operations for all
Similarly, for analogously defined A + i s we obtain a recursion formula
where we have
for j = i, . . . , n − 1. The first value to be computed is A + n−1 and it is given by
Now the multiplication of a vector v by J is defined by
for i = 1, . . . , n − 1.
The following result states that our approximation of the integral is second-order accurate under a suitable regularity assumption on v. 
Proof. In the following, we show that
2 ). Together from these the result follows.
We begin by considering an interval [x j , x j+1 ] for some j ∈ {0, . . . , i − 1}. The approximation in this interval is based on the linear interpolation of v(t, z) which we denote byv(z). A well-known result states that under the regularity assumption on v the interpolation error for any
for some ξ ∈ [x j , x j+1 ]. Thus, we have
where C = max x∈[0,X] v xx (t, ξ). Using this, we obtain
Summing over the intervals, we get
The following results shows that the matrix J + λI has good properties.
Theorem 4
The matrix J + λI is a diagonally dominant Z-matrix with a non negative diagonal, that is,
Proof. For λ = 0 we have J + λI = 0 and, thus, it trivially satisfies the result. Let λ > 0 in the following.
The off-diagonal elements of J are negative, since the coefficients for v(t, x j ) and v(t, x j+1 ) appearing in (24) and (28) can be shown to be positive, and the result is multiplied by −λ.
The row sums of J + λI can be obtained by multiplying a vector u containing ones. In this case, for A − i the definitions (22) and (23) give
Similarly can be shown that A + i ≤ p. Thus, we have
From this the first inequality in the results follows which completes the proof. Theorems 2 and 4 yield the following result.
Corollary 1 For a positive interest rate r > 0 the matrix A = D+J is a strictly diagonally dominant M-matrix.
Many recursion formulas are notoriously unstable and, thus, usually unusable. The following results guarantees that with the developed recursion formulas the accumulating error grows at most linearly with respect to the number of grid points n. This means that the formulas are sufficiently stable to be used in the computations. (26) it follows that the maximum errors are
In the same way, it can be shown that the error of the computed value of A + i is less than (n − i)δ. By summing the maximum errors the result follows.
Rannacher time-stepping scheme
After the discretization of the spatial derivative terms and the integral term in (3), for the value of the European option we obtain a semi-discrete linear problem
where the vector f is due to the nonhomogenous boundary value v(t, 0). For the value of the American option we obtain a semi-discrete LCP
The vector g contains the values of the payoff function g at the grid points, that is, g i = g(x i ), i = 1, . . . , n − 1. For both problems (30) and (31) the final value is v(T ) = g. Usually option pricing problems have a nonsmooth payoff function and, thus, also a nonsmooth final value. In such cases the popular Crank-Nicolson method can lead to a numerical solution with oscillations due to the lack of L-stability. In order to obtain numerical solution without oscillations we propose to use the Rannacher time-stepping scheme [36] . It has been applied in the option pricing in [18] , [19] , [24] , [35] , for example.
The Rannacher time-stepping scheme performs a few first time steps with the implicit Euler method and after that it uses the Crank-Nicolson method. This leads to good damping properties and second-order accuracy. For the semi-discrete linear problem (30) the Rannacher time-stepping scheme reads
In (33) and (34), the matrix A and the coefficient D 1,0 defined by (14) are computed using the volatility at the time t k+1 − θ k ∆t k . The vector u 1 is such that its first component is one and others are zero. The parameter θ k is defined by
For the semi-discrete LCP (31) the time-stepping scheme reads
4 Solution methods
Iterative method for European options
We use an iterative method propose by Tavella and Randall in [37] . d'Halluin, Forsyth, and Vetzal analyzed its convergence in [15] . For our presentation we adopt the matrix formulation presented by Almendral and Oosterlee in [2] . We solve the resulting systems of linear equations (32) using a stationary iterative method based on a regular splitting of the matrix B (k) given by
With this choice the matrix T is tridiagonal. Then the iterative method for the linear system
where v 0 is the initial guess taken to be v (k+1) . Each iteration requires a solution with the tridiagonal T and the multiplication of a vector by J which corresponds to the evaluation of the integral term in the PIDE (3). The problem with T can be solved efficiently using LU decomposition. For the multiplication by J we can employ the fast recursion formulas in Section 3.3. Thus, one iteration requires O(n) operations.
After l iterations the residual vector r l+1 is given by
The following result [15] shows that the iteration converges rapidly.
Theorem 6 Let e l be the error
at the lth iteration. Then the error e l+1 at the iteration l + 1 satisfies
Proof. Substituting
Then rearranging the terms gives us
By using the properties of the matrix D it is easy to show that
for any vector w. Furthermore, it can be easily seen that
any vector w. By using these inequalities to the terms in (41) and dividing by 1 + θ k ∆t k (r + λ) the inequality (40) is obtained.
Operator splitting method for American options
The operator splitting method was introduced in [22] and further studied in [23] , [24] . In order to describe this method we restate the LCP at the kth time step with a Lagrange multiplier λ (k) as
The operator splitting method has the following two fractional time steps:
The first step (42) requires the solution of the linear system which can be efficiently obtained using the iteration (38) . In the second step (43) the inequalities can be solved easily componentwise manner. Thus, the second step is computationally very cheap and the first step determines the computational cost of the solution procedure.
The above operator splitting introduces additional error to the numerical solution. In [23] , it was shown that when the Crank-Nicolson method with a constant time step ∆t is used for the time discretization and B = B (k) is an M-matrix then under the assumption that the time oscillations of the Lagrange multiplier are bounded the difference between the solutions obtained using the unsplit and split versions is O ((∆t) 2 ). Thus, this result says that the order of accuracy of the operator splitting method is the same as for the fully discretized LCP when both are based on the Crack-Nicolson method.
Penalty method for American options
As a second approach for solving the LCPs we consider the penalty method proposed by d'Halluin, Forsyth, and Vetzal in [14] . This leads to the solution of nonlinear problems
where is a small penalty parameter. One possibility is to solve the nonlinear and nonsmooth problems (44) using a semismooth Newton method in [21] . We choose the initial guess to be v 0 = v (k+1) . Then the (l + 1)th iterant would be given by
where the vector d l is the solution of the system of linear equations
The matrix C l in (46) belongs to the generalized Jacobian [10] 
The matrix C l is a full matrix and the systems of linear equations in (46) could be solved using an iteration similar to one in Section 4.1. Instead of this we employ an approximate semismooth Newton method proposed by d'Halluin, Forsyth, and Vetzal in [14] which approximates C l with a tridiagonal matrix
T is defined in (37) . Replacing C l by C l in (45) and eliminating d l gives us
where we have used the identities
Multiplying (48) by C l −1 leads to
which includes two additional terms with P l when compared to (38) . In [14] it has been shown that the iteration (50) converges to the unique solution of (44).
The penalty formulation (44) leads to a solution which always violates the early exercise constraint by a small amount controlled by the penalty parameter . By adding a Lagrange multiplier to the formulation like in [21] , [25] , and [26] it is possible to guarantee that the constraint is always satisfied.
Numerical results

European put option
In our first numerical example, we price a European put option defined by the parameters σ = 0.2, r = 0, T = 0.2, K = 1, λ = 0.2, α 1 = 3, α 2 = 2, and p = 0.5.
These same parameters were used by Almendral and Oosterlee in [2] . Furthermore, they provide an integral presentation for the option price. Our reference price v * (0, 1) = 0.042647805 is computed using their formula with Simpson's quadrature rule in the interval [0, 100] with 10000 subintervals. We choose the truncation boundary to be at X = 6. The time-space grids are generated using α = 4 in (10), (11) , and γ = 0.4 in (12) . Figure 1 shows a 5 × 41 time-space grid. Table 1 gives the pricing errors at the money, that is, at x = K. The rate in the table is defined as the ratio between the error on the coarser grid and the error on the current grid. The reported numbers of iterations (38) are obtained using the stopping criterion r 2 , where the residual vector r l+1 is defined by (39) . The CPU times are given in CPU milliseconds on a PC with 3.8 GHz Intel Xeon processor.
Based on Table 1 the discretization is second-order accurate when the number of time and space steps are increased at the same rate. On the finer grids the number of iterations per one time step is two. Thus, in this case the iteration (38) is a predictorcorrector time integration scheme. The errors and the CPU times are a few orders of magnitude smaller than in [2] . Thus, there is a clear advantage to use nonuniform grids and the fast recursion formulas for the integration rather than uniform grids for log x and FFT for evaluating the integrals as has been done in [2] . Table 2 : The pricing errors, the ratio of l 2 errors, the total number of iterations, and the CPU time in milliseconds for the European call options with σ = 0.15. 
European call option
In the second example, we price European call options when the model parameters are given by σ = 0.15, r = 0.05, T = 0.25, K = 100, λ = 0.1, α 1 = 3.0465, α 2 = 3.0775, and p = 0.3445,
which are also used by d'Halluin, Forsyth, and Vetzal in [15] . Instead of pricing a call option directly we compute the price of a put option with the same strike price K and then we use the put-call parity for European options given by
where v c is the value of the call option and v p is the value of the put option. The term Ke −r(T −t) is the value of the strike price K at the time t discounted from the expiry time T . The truncation boundary is at X = 400. The grid generation parameters in (10), (11) , and (12) are α = 4 and γ = 0.45.
Using a fine time-space grid we computed the reference prices for corresponding put options which are given in Table 3 along with the reference prices for other models and American options. After using the parity (52) we obtain call option prices that coincide with ones given in [15] . Table 2 reports the errors at 90, 100, and 110 as well as the ratios of consecutive discretization errors in the l 2 -norm. Also, we give the number of iterations and CPU time in milliseconds. We have used the same stopping criterion and PC as in Section 5.1. Based on Table 2 again the discretization is second-order accurate. While the FFT based approach in [15] cannot maintain second-order convergence due to the jump in the density.
European put option with local volatility function
Here we price European put options with the same parameters as in (51) except that the local volatility is given by the function σ(t, x) = 0.15 + 0.15(0.5 + 2t) (x/100 − 1.2)
2 (x/100) 2 + 1.44 . The volatility surface is shown in Figure 2 . We use the same grids as in Section 5.2 and the same stopping criterion for (38) as in Section 5.1. Table 4 reports the same  values as Table 2 but with the local volatility function. The errors are computed using the reference prices in Table 3 . The error behaves the same way as with the call option together with the constant volatility σ = 0.15. Furthermore, the number of iterations and the CPU times are similar in both cases. There is very slight increases in CPU times due to some additional computations caused by the use of the local volatility function. Table 4 : The pricing errors, the ratio of l 2 errors, the total number of iterations, and the CPU time in milliseconds for the European put options with the local volatility function. Table 5 : The pricing errors, the ratio of l 2 errors, the total number of iterations, and the CPU time in milliseconds for the American put options with σ = 0.15. 
American put option
In the following example, we price American put options defined by the model parameters in (51). We use grids which are slightly less refined in the space with γ = 0.4 in (12) while the time refinement defined by α = 4 in (10) and (11) is the same as before. The approximations of the prices of American options are less accurate due to the early exercise constraint. In order to improve the accuracy we multiply the number of time steps m roughly by 2 1.25 ≈ 2.38 when the number of spatial steps n is doubled. An alternative approach would be to use a selector for the size of the time steps as has been done in [14] and [18] , for example.
Here we use a more strict stopping criterion for the iterations (38) and (50) given by r l+1
2 , where r l+1 is the residual vector. With the penalty method we use the penalty parameter = 10 −4 . Table 5 reports the results for the operator splitting method and the penalty method. The accuracies of both methods are fairly similar. Neither of them can quite maintain the second-order accuracy. Also the convergences of the iterations (38) for the operator splitting method and (50) for the penalty method are similar. Due to this the CPU times are also similar with the penalty method being slightly slower due to some additional updates caused by the changing coefficient matrix.
American put option with local volatility function
Here we price the same American put options as in the above section when the constant volatility is replaced by the local volatility function (53). The parameters in the methods are the same as before. The results reported in Table 6 are very similar to the ones obtained with σ = 0.15. There is a slight increase in the CPU times due to some additional computations caused by the use of the local volatility. Table 6 : The pricing errors, the ratio of l 2 errors, the total number of iterations, and the CPU time in milliseconds for the American put options with the local volatility function. 3.6 513 62.8
Conclusions
We described methods for the numerical valuation of European and American options under Kou's jump-diffusion model [27] . Following Andersen and Andreasen in [4] the volatility can be also a deterministic function. We considered only put options but the same methods can be used for call options and other options with more general payoff functions. The use of finite difference discretizations on refined grids lead to accurate prices. We described recursion formulas for the integral term which lead to very efficient numerical methods requiring O(n) operations per time step whereas all earlier approaches have required at least O(n log n) operations. Here n denotes the number of spatial grid points. Furthermore, the recursion formulas are easy to implement also for nonuniform grids and they have second-order spatial accuracy. In the same way it is possible derive formulas with higher order accuracy. For the dense linear systems resulting from pricing European options we used the stationary iterative method described Tavella and Randall in [37] which have been used also by Almendral and Oosterlee in [2] , and d'Halluin, Forsyth, and Vetzal in [15] . Based on a theoretical result in [15] and numerical experiments we conclude that this iteration converges very rapidly requiring only a few iterations per time step. For American options we proposed two approaches: the operator splitting method described in [22] , and the penalty method described in [14] by d'Halluin, Forsyth, and Labahn. In the numerical experiments the accuracy and computational effort of these both methods for American options were fairly similar. The experiments also demonstrated that European and American option prices with error around 0.1% can be computed in a few milliseconds on a PC. Thus, the developed methods are very efficient.
